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Numerical Study of Liquid Crystal-Induced
Optical Singularities

V. Ilyina
CED Group, School of Engineering Sciences, University of
Southampton, Highfield, Southampton, U.K.

S. Subota
Theoretical Physics Group, Physics Department,
Kiev State Shevchenko University, Kiev, Ukraine

The self-action of a laser beam incident on a liquid crystal cell can cause the refrac-
ted beam to exhibit singularities in the optical wave field. We present here a self-
consistent study of this phenomenon using a Finite Difference Time Domain
(FDTD) solver for non-linear optical devices. The self-consistent liquid crystal
director-optics FDTD method treats both the full three-dimensional spatial struc-
tures of the refracted beam and the director. This paper presents the algorithm and
tests the method by examining the output from a incident Gaussian beam. We dis-
cuss quantitative differences between these results and the earlier work, and
further investigate the short and long wavelength limits.

Keywords: FDTD method; Freedericks transitions; liquid crystals; optical singularities

1. INTRODUCTION

Recently there has been a considerable interest in the liquid crystal
community in the FDTD (Finite Difference Time Domain) method. In
this method light propagation is treated by solving Maxwell’s equa-
tions directly. This method is robust and accurate in applications
where the modelling of complex multirefractional and non-linear
optical problems on a wide variety of length scales is required. The
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method yields full information on transmitted, reflected and scattered
electromagnetic fields. It can successfully describe the multiple scatter-
ing and reflections which occur during the light-director interaction.
Moreover, it appears to be more accurate and also sometimes more
efficient than the previously standard stratified media approaches.

A number of research groups have now applied the FDTD method to
liquid crystal problems [l–5]. Previous FDTD studies in liquid crystals
have involved classical cells [1,2], scattering in textured liquid crystals
[4] and diffraction gratings [3]. In all cases, however, the optical field
responds to, but does not affect, the director field and therefore the
optical properties of the medium itself.

By contrast, in this paper we use the FDTD method to treat a prob-
lem in non-linear optics. The problem is the birth of optical singulari-
ties in the far field of the Gaussian beam after it had interacted with a
liquid crystal cell.

We consider a homeotropic liquid crystal cell illuminated with a
Gaussian laser beam. If the intensity of the beam exceeds the threshold
value, the optical Freedericksz transition occurs. The director distri-
bution takes the form of a complex Gaussian-like multidimensional
function. Therefore, the cell acts as a Gaussian lens. The phase shift
between ordinary and extraordinary rays of the transmitted beam
induced in this way gives birth to peculiarities in the far-field wavefront.

This problem has recently been the subject of a considerable inter-
est. There have been both experimental and theoretical studies of sce-
narios of the birth of singularities [6–10]. However, there have been no
self-consistent studies of the phenomenon. This paper demonstrates
that taking into account the feedback between light and the director
considerably changes the position of the observed singularity and
allows us to calculate it more accurately.

The layout of this paper is as follows. Section 2 analyzes the director
distribution induced by the laser beam. The dynamic solutions to the
director equation are considered. The dynamic solution combined with
the FDTD algorithm allows the self-consistent algorithm to be imple-
mented. In Section 3 we present far field calculations. We find that the
edge optical singularity can be observed in the far-field. In Section 4
the results are compared with the non self-consistent approach.
In Section 5 we discuss the results and consider long and short wave
limits. Finally, Section 6 draws the conclusions.

2. DIRECTOR REORIENTATION INDUCED BY A GAUSSIAN
LASER BEAM

Let us consider a nematic liquid crystal cell illuminated by a Gaussian
laser beam. The cell is shown in Figure 1.
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Here L is the width of the cell, polarisation of the incident electric
field E is along x-axis and h is the angle between the disturbed director
and z-axis. The initial distribution of the director is homeotropic and
we assume the infinite anchoring at the surfaces. The intensity of inci-
dent light is given by the Gaussian function:

I ¼ I0 exp�
x2þy2

R2 ; ð1Þ

where I0 is the maximum intensity and R is the semiwidth of the
beam.

In the given geometry the director profile can be described by a
vector n with the following components:

n ¼ ½sin hðx; y; zÞ; 0; cos hðx; y; zÞ�: ð2Þ

The free energy function for this geometry can be written as:

F ¼ K

2

Z
ðh02x þ h02y þ h02z ÞdV � 1

c

Z
Iðx; yÞnsdV; ð3Þ

where K is the elastic constant, c is the speed of light in free space and

nr ¼
n0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� b sin2 hðx; y; zÞ
q

and b ¼ 1� ðn2
0=n

2
e Þ, where n0 and ne are ordinary and extraordinary

indices respectively.

FIGURE 1 The system geometry for the homeotropic liquid crystal illumi-
nated by the Gaussian light beam polarised along x-axis.
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Using the free energy (3) it is possible to write down the Ginzburg-
Landau time-dependent equation for the director:

c1

@h
@t
¼ K

@2h
@x2
þ @

2h
@y2
þ @

2h
@z2

� �
þ n0b�II0e�

x2þy2

R2

c

sin h cos h

ð1� b sin2Þ3=2
ð4Þ

In this equation c1 is the viscosity of a liquid crystal and ~II0 is a time
averaged value of intensity in the middle of the cell. It must be calcu-
lated from Maxwell’s equations inside the liquid crystal. For the
geometry of the problem they are:

@Dx

@t
¼ � @Hy

@z
; ð5Þ

@Hx

@t
¼ � 1

l
@Ez

@y
; ð6Þ

@Hy

@t
¼ 1

l
@Ez

@x
� @Ex

@z

� �
: ð7Þ

Before solving Eqs. (5–7), Ex and Ez must be found from

E ¼ bee�1D; ð8Þ
where

êe ¼ e0

n2
e sin2 hþ n2

0 cos2 h 0 ðn2
e � n2

0Þ sin h cos h
0 n2

0 0

ðn2
e � n2

0Þ sin h cos h 0 n2
e cos2 hþ n2

0 sin2 h

0@ 1A ð9Þ

The steady state value of Poynting vector in the middle of the cell gives
the intensity ~II0 as described in [11]. This value is then substituted into
Eq. (4). Then Eqs. (4–7) are solved using the self-consistent algorithm
described in detail for the optical Freedericksz transition in one dimen-
sion in [11]. The only distinct difference and complication with respect to
the one dimensional case are the boundary conditions for Eq. (4).

The conditions in z are easily derived from the strong anchoring
conditions:

hðx; y; z ¼ 0Þ ¼ 0; hðx; y; z ¼ LÞ ¼ 0: ð10Þ

The boundary conditions in x and y must read

hðx! �1; y; zÞ ¼ 0; hðx; y! �1; zÞ ¼ 0: ð11Þ

As the computational domain can not be extended to infinity, some
approximation must be used to avoid these conditions.
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Let us consider the case when the beam semiwidth R is the same
order of magnitude as the cell thickness L. We found from numerical
experiments that in this case the computational domain as large as
10R in x and y direction is enough to minimize the boundary effect.

hðx ¼ �5R; y; zÞ ¼ 0: ð12Þ

Due to the symmetry of the problem, the y direction would be equiva-
lent to the x direction and therefore, the boundary conditions for y read

hðx; y ¼ �5R; zÞ ¼ 0: ð13Þ

Let us note that the choice of these boundary conditions, in principle,
changes the symmetry of the beam from circular to square. However, in
the cases considered here, the boundaries have been placed far enough
from the periphery of the beam to ensure that they do not change the
symmetry of the final result. We now nondimensionalize Eq. (4) by
introducing the following variables:

q1 ¼
x

L
; ð14Þ

q2 ¼
y

10R
; ð15Þ

q3 ¼
z

10R
; ð16Þ

s ¼ K

L2c1

t; ð17Þ

We also nondimensionalise the intensity inside the cell with respect
to a value of the threshold intensity:

Ith ¼
Kcp2ð1þ L

pRÞ
2

n0bL2
ð18Þ

which was found using the steady state analysis.

~II1 ¼
~II0

Ith
¼

~II0n0bL2

Kcp2ð1þ L
pRÞ

2
: ð19Þ

Now Eq. (4) reads

@h
@s
¼ L2

ð10RÞ2
@2h

@q2
1

þ @
2h

@q2
2

� �
þ @

2h

@q2
3

þ ~II1 1þ L

pR

� �2

e�ð10Þ2ðq2
1þq2

2Þ

� p2 sin h cos h

ð1� b sin2 hÞ3=2
: ð20Þ
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This equation describes the Freedericksz transition, which occurs
when ~II1 ¼ 1. One can see that, as R and L have the same order of mag-
nitude, L2=ð10RÞ2 � 10�2 and therefore, the impact of derivatives over
q1 and q2 in Eq. (20) is negligible. We have carried out numerical tests
to make sure this is indeed the case. However, tests have shown that if
the beam is narrow, e.g., R << L, a much larger computational domain
is needed to minimize the effect of boundaries.

Another interesting observation can be made from Eq. (20). It is
easy to see that if R!1; Eq. (20) reduces to an equation for a one
dimensional Freedericksz transition. The threshold in this case will
therefore coincide with the threshold for a one dimensional case. As
the beam becomes narrower, the transition value increases as was pre-
dicted earlier.

3. FAR-FIELD ANALYSIS

Equation (20) has been solved consistently with Maxwell’s Eqs. (5–7)
using a 2d self-consistent algorithm. This algorithm was described in
detail in [11]. The solutions provide the director distribution inside the
cell and the field distribution both inside the cell and at the exit of the cell.

In order to find the far-field distribution we follow the analysis by
Kreminskaya et al. in [7] for the Gaussian lens.

A focussing Gaussian lens can be described in terms of the trans-
mission index [7]:

Tðx; yÞ ¼ T0ðx; yÞ exp i2p exp � x2 þ ðy2Þ
2a

� �� �
; ð21Þ

where T0 is the transparency coefficient, which is the same as the
transmission coefficient in the FDTD method. It was shown in [7] that
the focal length for this lens is given by:

f ¼
ffiffiffi
2
p

a

x

 !2

zx=2p ’ 0:16

ffiffiffi
2
p

a

x

 !2

zx; ð22Þ

where zx ¼ px2=k and x ¼
ffiffiffi
2
p

R. The role of the focal distance in deter-
mining the phase singularities will be clarified later.

Beyond the lens the beam is a product of U(x, y)T(x, y) where U(x, y)
is the initial beam amplitude distribution at z ¼ 0. Then the complex
field amplitude of the beam cross-section in the z-plane is denned as [7]:

Uðx1; y1; zÞ �
ZZ

dxdyUðx; yÞTðx; yÞ exp i
zx

z
½ðx� x1Þ2 þ ðy� y1Þ2�

� �
:

ð23Þ
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This equation is obtained from the Huygens-Fresnel theory in the
Fresnel approximation for z >> x; y. The FDTD algorithm does not
directly predict the transmission function T(x, y). Rather it provides
the field at the exit from the cell is represented by 2d complex matrix
Ui,j where i, j correspond to the x, y locations. By analogy with the
Gaussian lens one can write the far field as:

Ui1;j1ðzÞ �
X

i

X
j

Ui;j exp i
zx

z
½ðxi � xi1

Þ2 þ ðyj � yj1Þ
2�

� �
DxiDyj; ð24Þ

where Dxi and Dyj are cell dimensions in the numerical algorithm.
Using the FDTD method the field distribution beyond the cell has

been obtained for the several values of z. Just after the cell the beam
preserves the Gaussian amplitude distribution, but acquires Gaussian
phase distribution as shown in Figures 2–3. When the distance z
increases, the central part of the beam is focussing and forms a waist
with radius R0 ¼ 0.4 mm at z � 0.22zx distance from the cell and it is
accompanied by a circular shallow valley as shown in Figure 4. The
focal length is given by Eq. (22), where for the given intensity
a ¼ 11.5 mm. Figure 5 shows that the phase distribution has a flat
top ledge. The beam soon reaches the pre-dislocation stage at
z ¼ 0.3zx: the valley bottom is nearly zero and the height of the phase
ledge tends to p as Figures 6–7 show.

FIGURE 2 Amplitude of the beam at the exit from the cell.
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By further increasing z, the bottom of the circular valley becomes
exactly zero and the phase ledge transforms to a circular �p phase
jump with vertical walls (Figs. 8, 9). At z ¼ 0.324zx the circular edge

FIGURE 3 Phase of the beam at the exit from the cell.

FIGURE 4 Amplitude of the beam at z � 0.22zx Beam is focussed.
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dislocation with radius r � 0.5x is born. Its dislocation strength equals
unity according to the theory [12]. It is interesting to note that the dis-
tance of the dislocation birth z ¼ 0.324zx exceeds the distance of the
waist formation z ¼ 0.3zx, which in turn exceeds the focal length

FIGURE 5 Phase of the beam at z � 0.22zx. The phase has a flat ledge in the
middle of the distribution.

FIGURE 6 Amplitude at z ¼ 0.3zx – pre-dislocation stage: the valley bottom is
nearly zero.
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f ¼ 0.22zx. Hence, the circular edge dislocation appears when the
focussing beam starts to diverge. The dislocation disappears immedi-
ately with the smallest distance increase (physically on a length of

FIGURE 7 Phase at z ¼ 0.3zx – pre-dislocation stage: the height of the phase
ledge tends to p.

FIGURE 8 Amplitude at z ¼ 0.324zx is exact zero at r � 0.5x – edge disloca-
tion is born.
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the wave length scale). At this distance z � 0.33zx the valley bottom
becomes nonzero and the phase jump transforms to a smooth ledge
with slanted walls as shown in Figures 10 and 11.

FIGURE 9 Phase at z ¼ 0.324zx is experiencing a 2p jump.

FIGURE 10 Amplitude at z � 0.33zx – disappearance of dislocation.
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4. COMPARISON WITH THE NON SELF-CONSISTENT
APPROACH

The previous section has presented results obtained using the self-
consistent FDTD algorithm. We now compare them with the results
from the non-self-consistent approach. These calculations for the same
liquid crystal system were carried out in two steps. First, the steady
state distribution of the director under the constant intensity was
calculated from static equation without taking into account the coup-
ling with the beam. At the second step a paraxial approximation
was used to study beam propagation within the cell and to predict
the field distribution at the exit from the cell. From these calculations
a singularity was predicted at the distance of z ¼ 0.245zx; a discrep-
ancy of 24% as compared to the self-consistent result of z ¼ 0.324zx.
This difference increases for a higher anisotropic liquid crystal with
refractive indices n0 ¼ 1.54, ne ¼ 1.76. For this case, the singularity
was observed at z ¼ 0.102zx. For the non-self-consistent algorithm this
distance was z ¼ 0.067zx. The discrepancy from the self-consistent
results is now about 34%.

The difference in results can be explained in the following way.
In the non-self-consistent approach the incident intensity was
assumed to equal to the internal intensity. However, when calculated

FIGURE 11 Phase at z � 0.33zx – disappearance of dislocation.
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self-consistently, the internal intensity is different from the incident
intensity and it is always smaller as some intensity is reflected by
the cell boundaries.

The increasing difference in the case of a highly anisotropic cell is
not only due to the lack of self-consistency, but also due to limitations
in the paraxial approximation. The accuracy of this approximation
decreases with increasing the optical anisotropy.

We thus conclude that the self-consistent algorithm allows one to
calculate the position of singularities more accurately. It also allows
calculations in different wave-length limits, while the paraxial
approximation used in the non-self-consistent approach can only con-
sider wavelengths, which are short in comparison to the thickness of
the cell L. Next section will investigate these limits.

5. SHORT AND LONG WAVE-LENGTH LIMIT

The non-self-consistent approach allows the transition to be calculated
only for wavelengths much shorter than the cell thickness. One of the
advantages of the FDTD approach is that the calculations are also
possible for long wavelengths.

Let us introduce the parameter b that defines the ratio of the cell
thickness L to the wavelength k

b ¼ L

k
: ð25Þ

Large values of b correspond to the limit where the paraxial approx-
imations is valid. The smaller the value of b, the less accurate are the
paraxial approximations results.

Let us consider the range of b ¼ [0.1, 10]. FDTD calculations have
been carried out for the same system and numerical parameters as
above, but with different values of k. Let us first look at the phase of
the beam at the exit from the cell. Figure 12 shows phase distribution
in the xy plane for four different values of b. The dashed line corre-
sponds to b ¼ 10 and one can see pronounced Gaussian variation of
the phase. In this case the beam will focuss after the cell and then
diverge, and the singularity will be observed. It was found that for this
b the singularity is born at z ¼ 0.680zx. Further in Figure 12 circled
and crossed lines correspond to b ¼ 6 and b ¼ 2 respectively. One
can observe that decreasing b decreases the phase lag between the
center of the beam and its wings. This corresponds to smaller semi-
width of the director distribution a. Therefore, according to Eq. (22)
the focal distance in units of zx will increase. This means that the
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beam will focuss and diverge further from the cell, and therefore, the
singularity will be observed further in units zx too. It was found that
for b ¼ 6 the singularity is observed at z ¼ 0.947zx and for b ¼ 2 the
singularity is observed at z ¼ 1.638zx. Finally, the solid line in Figure
12 corresponds to b ¼ 0.1. Here hardly any disruption of a wavefront is
observed. Calculations showed that the beam did not focuss and there-
fore did not diverge. The singularity has disappeared. In fact, as soon
as b becomes less than 1 the singularity cannot be observed. The beam
does not see the liquid crystal cell and therefore, the wavefront does
not change. One might think that singularity disappears to the infin-
ity. However, this is not the case. The distance to the singularity grows
only in units of zx. However, zx ¼ px2=k and obviously decreases with
increasing k. This decrease is faster than growth of the distance in
units of zx. Figure 13 confirms this fact by showing both function
1=zx and z plotted against b.

Figure 14 shows how the physical distance to singularity changes
with decreasing b. One can observe the transition-like curve, with
the singularity being observed closer and closer to the cell, until in
eventually disappears at b ¼ 1.

The full list of physical and numerical parameters used in the
calculations is given in Table 1.

FIGURE 12 The beam phase at the exit from the cell for different values of b.
Dashed line-b ¼ 10, circled line-b ¼ 6, crossed line-b ¼ 2, solid line-b ¼ 0.1.
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FIGURE 14 Physical distance to singularity versus b. Singularity disappears
at b < 1.

FIGURE 13 Functions l=zx (circles) and distance to singularity in zx units z
(squares) are plotted against b. One can see that 1=zx decreases faster than z
and therefore, physical distance decreases with decreasing b.
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6. CONCLUSIONS

We have used the FDTD method for modelling a three-dimensional
problem of the Freedericksz transition induced by a Gaussian beam
and the birth of the optical singularities in the far-field of the beam
with the initially smooth wavefront.

The FDTD algorithm has allowed us to study optical fields inside
the cell and at the exit from the cell. We found that after the cell
the beam focusses and then diverges again. At the distance from the
cell corresponding to diverging of the beam, the edge optical singular-
ity has been observed. This result has been compared with the result
obtained using the non-self-consistent approach. It was found that
two results are different, and the difference increases with the optical
anisotropy.

Different wave-lengths limits were also investigated, which is not
possible for the non-self-consistent approach. We found that in the
very long wavelength limit the singularity disappears. Similar effect
is observed when decreasing the size of the cell. The ratio of L=k, at
which the singularity disappears was found to be equal to 1. The
results have shown that for L=k < 1 the phase lag induced by the cell
is not large enough to cause the distortion of the wavefront.

One of the possible extensions to the results this paper is to replace
the Ginzburg-Landau equation in the self-consistent algorithm by the
Ericksen-Leslie equations. This would allow us to take into account
hydrodynamical effects such as back-flow. Thus, extra coupling, now

TABLE 1 Numerical and Physical Parameters Used in Simulation

Meaning Parameter Value

No. of time steps N 30000–40000
Spatial grid size dz ¼ k=66 9.6 nm
Spatial grid sizes dx ¼ dy 800 nm
Time grid size dt ¼ dz=c 3.2�10�17 sec
Liquid crystal cavity relaxation time sf ¼ Ndt 9.6�10�13 sec
Liquid crystal extraordinary refractive index ne 1.53
Liquid crystal ordinary refractive index n0 1.47
Dielectric anisotropy ea 0.18
Frank-Oseen elastic constant K 10�12 N
Viscosity parameter c1 0.08 Pa�sec
Light wavelength in free space (main value) k 633 nm
Thickness of cell (main value) L 20mm
Width of the beam x 14mm
Threshold intensity Ith 10.8 kW=cm2

Incident intensity I 1.3Ith
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director-hydrodynamics, will be introduced in the problem. This might
considerably change the relaxation process. However, we believe that
the final equilibrium will not be changed.

Another interesting extension would be to consider how the position
of the singularity depends on the optical anisotropy Dn. Preliminary
calculations show that change of the optical anisotropy has a consider-
able effect on the position of the singularity, bringing it closer to the
cell. However, what the true dependence is and whether there is any
influence on the type of singularity from the value of optical anisotropy
remains an interesting open questions. We believe that highly aniso-
tropic liquid crystals may induce more complex singularities. This is
because the sharp variations of the director in the xy plane may induce
the phase profile that is not smooth. This will influence the far-field
observations dramatically. In this case, however, the accuracy would
require higher order discretisation schemes, as used in [3].

We believe the three-dimensional self-consistent FDTD solver pre-
sented is this paper can be used a an accurate and robust tool for
studying nonlinear interactions of light and liquid crystal media.
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